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Abstract 

In this paper we continue our systematic analysis of the operatorial approach pre- 
viously proposed in an economical context and we discuss a mixed toy model of a 
simplified stock market, i.e. a model in which the price of the shares is given as an 
input. We deduce the time evolution of the portfolio of the various traders of the 
market, as well as of other observable quantities. As in a previous paper, we solve 
the equations of motion by means of a fixed point like approximation. 



Keywords: Stock markets; Canonical commutation relations. 



1 



I Introduction and motivations 



In some recent papers, [H [2], we have discussed why and how a quantum mechanical 
framework, and in particular operator algebras and the number representation, can be 
used in the analysis of some simplified models of stock markets. In these models, among 
the other simplifications, no financial derivative are considered at all. For this reason 
our interest is different from that discussed in [3], even if the frameworks appear to be 
very close. The main reason for using operator algebras in the analysis of this simplified 
closed stock market comes from the following considerations: in the closed market we 
have in mind the total amount of cash stays constant. Also, the total number of shares 
does not change with time. Moreover, when a trader r interacts with a second trader cr, 
they change money and shares in a discrete fashion: for instance, r increments his shares 
of 1 unit while his cash decrements of a certain number of monetary units (which is the 
minimum amount of cash existing in the market: 1 cent of dollar, for example), which is 
exactly the price of the share. Of course, for the trader a the situation is just reversed. 
So we have at least two quantities, the cash and the number of shares, which change as 
multiples of two fixed quantities. We further have two other quantities in our simplified 
market: the price of the share (in our simplified market the traders can exchange just a 
single kind of shares!) and the market supply, i.e. the overall tendency of the market to 
sell a share. For the same reason just discussed it is clear that also the price of the share 
must change discontinuously. It is therefore convenient to assume that also the market 
supply is labeled by a discrete quantity. In our naive version of a stock market the price 
of the share is related to the market supply in a very direct way: if the market supply 
increases, then the value of the share must decrease and viceversa. These are all the 
ingredients of our toy model of a stock market. 

Operator algebras and quantum mechanics produce a very natural settings for dis- 
cussing such a system. Indeed they produce a natural way for: (a) describing quantities 
which change with discrete steps; (b) obtaining the differential equations for the relevant 
variables of the system under consideration, the so-called observables of the system; (c) 
finding conserved quantities. It is well known indeed that operators satisfying the canon- 
ical commutation relations can be used quite naturally to discuss point (a) above. Hence 
the use of the Heisemberg dynamics, which is somehow intrinsic in quantum mechanics. 
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appears a natural (but not exclusive!) choice to discuss points (b) and (c). 

For these reasons we have suggested in [H |2] an operator-valued scheme for the de- 
scription of such a simplified market. We refer to the Appendix for some preliminary 
result. 

It should be mentioned that our idea is not entirely new. Indeed, the use of quantum 
mechanical tools, and more in general of standard statistical techniques in the analysis 
of stock markets was already proposed by many authors, see for instance [21 HJ [5], [6] and 
references therein. However, the approach discussed here and in [H [2] is the first one, in 
our knowledge, in which the mechanism of the exchange between traders is given in terms 
of a boson-like based hamiltonian operator. This is close but somehow different from 
what is discussed in [3], where a quantum hamiltonian Hb is introduced in the analysis of 
financial derivatives which is undertaken by looking at the Schrodinger equation arising 
from Hb- 

It should also be mentioned that we are still very far from being able to deal with a real 
stock market, and this is the reason why our analysis still misses of a detailed comparison 
with existing methods, which will be undertaken on some more realistic model. 

The paper is organized as follows: 

In Section II we introduce the model originally proposed in [2], and we deduce the 
related equations of motion. 

In Section III we modify this model by assuming different behaviors for the price of 
the share considered into the differential equations as an independent input. Then we 
discuss how the value of the portfolio of a given trader changes with time, analyzing some 
numerical results while our conclusions are given in Section IV. To keep the paper self- 
contained we have included in Appendix few useful and standard results on the number 
representation. 

II The all-in-one model 

In [2] we have introduced the following hamiltonian to describe the time evolution of some 
observables of a toy model of stock market consisting in L traders exchanging shares of a 
single type, whose price is decided by the market itself, see below. 
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{H = Ho + XHi, where 
Ho = uJan + uj,k + ujpP + ^i^^^ (riAik) Nk + flcik) Kk + ^oik) 6^) (2.1) 
Hj = (zt Z{f) + z Zt(7)) + (pt o(^;) + p ot(^)) 

Here Ua, oJc and ojp are positive real numbers and ^^(fc), fic(^) and fio(^) are real valued 
positive functions. They define the free time evolution of the different operators of the 
market and A is a parameter measuring the strenght of the interactions between the 
different traders. Moreover, introducing the operators a, c, oj, Aj, Cj, j G A, and their 
adjoints, which are assumed to satisfy the following commutation rules 

[c,ct] = [p,p^] = [a, at] = 1, h,o]] = [A, A]] = [Q,Cj] = 6ijl, (2.2) 

the operators appearing in (12.11) are defined as n = a^a, k = c^c, P = p^p, = A^Aj., 
Kk = C\Ck and Ok = o\ok. In H we have also introduced the following smeared fields, 
depending on two regular functions f{k) and g{k), 

' z{f)_ = Zk fi^= Ak cl .m 

o{9) = EfcgA Ok g{k) 
. oHa) = T.k&Ao\g{k), 

i P t ^ 

as well as the operators z = ac^ , = A^ Cj, and their conjugates. Notice that we 
have separated here our stock market into two main components: the single trader r, 
which is arbitrary but fixed, and all the other traders, {cr^}, whose set we call TZ. We 
refer to Table 1 below for a list of these operators and of their economical meaning, which 
can be deduced by the discussion following equation ( ]A.4p . 
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the operator and.. 


...its economical meaning 




a 


annihilates a share m the portfolio ol r 




+ 


creates a share m the porttolio ot r 




n = CL^ CL 


counts the number of shares in the portfolio of t 




c 


annihilates a monetary unit m the portfolio ol r 




i 

(3 


creates a monetary unit m the porttolio ol r 




k = c^c 


counts the number of monetary units in the portfolio of t 




P 


• ii ii • p 1 1 1 p ' 1 p 1 

it lowers the price ol the share ol one unit ol cash 




+ 


' 1 ' j1 * P 1 1 1 P ' 1 P 1 

it increases the price ol the share ol one unit ol cash 




P = p^p 


gives the value of the share 




A 

Ak 


annihilates a share m the portlolio ol ak 




/it 
Al 


creates a share m the portlolio ol ak 




AT, — A, 


counts tne numuei oi snaies m tne poitioiio oi O/t 






annihilates a monetary unit in the portfolio of ak 




cl 


creates a monetary unit in the portfolio of ak 






counts the number of monetary units in the portfolio of ak 




Ok 


it lowers the k-th component of the market supply of one unit 




4 


it increases the k-th component of the market supply of one unit 




Ok = o\ok 


gives the value of the the k-th component of the market supply 



Table 1.- List of operators and of their economical meaning. 

Notice now that, because of (12.21) . the following commutators can also be deduced, [2]: 
[kk, ] = -P Cf 5k,,, [kk, cl ''] = P cl 5k,, (2.4) 

To Table 1 we add now for completeness the economical meaning of, e.g., the operator z. 
This is rather evident, indeed. Let us now consider a fixed number vector, extending the 
one in (lA.4p . 
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where {N} = N,, N,, . . . , N^, {K} = K^, K^, . . . , K^, {0} = O^^O^^.-.^Ol and ip, is 
the vacuum of all the annihilation operators involved here. 

The action of z on such a vector destroys a share in the portfolio of the trader r 
because of the presence of the annihilation operator a and, at the same time, creates 
as many monetary units as P prescribes because of . Of course, in the interaction 
hamiltonian Hi such an operator is associated to Z\f) which acts exactly in the opposite 
way on the other traders {cr^} of the market: one share is created in the cumulative 
portfolio of TZ while P quanta of money are destroyed, since they are used to pay for the 
share. This interpretation clearly follows from the commutation rules in (12. 2p and (12. 4p . 
That's why z is called a selling and Z'^{f) a buying operator. 

Finally, if L + 1 is the total number of traders of our market, then the cardinality of 
A, which is a subset of N which labels the traders of TZ, is obviously L. 

The main aim of our analysis is to recover the equations of motion for the portfolio of 
the trader r defined as 

t{{t) = P{t)h{t) + k{t). (2.6) 

This is a natural definition, since it is just the sum of the cash and of the total value of 
the shares that r possesses at time t. Once again, we stress that in our simplified model 
no room is given to the financial derivatives, and not even to any different and realistic 
mechanism but a simple exchange cash^shares. This oversimplification makes our model 
reasonably simple to be analyzed using standard perturbative techniques but, at the same 
time, strongly limits the validity of the model itself. However, to our knowledge, this is 
a feature shared by most of the models of stock markets existing in the literature, which 
are usually focused just on some particular aspect of the market and not, because of its 
complexity, to the whole system. 

Remarks:— (1) Table 1 has a physical origin which is discussed in [2] where the so- 
called stochastic limit approach for quantum open systems was adopted. The role of the 
smeared field in this context has been clarified. It may be worth stressing that what we 
call stochastic limit approach is essentially a perturbative technique originally discussed 
in a quantum mechanical context, [7j. 

(2) Of course, since r can be chosen arbitrarily, the asymmetry of the model is just 
apparent. In fact, changing r, we will be able, in principle, to find the time evolution of 
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the portfolio of each trader of the stock market. 

The interpretation suggested above concerning z and ^(/) is also based on the follow- 
ing result: let us define the operators 

iV:=n + ^iVfe, K:=fc + 5^Kfc, f:=P + ^6, (2.7) 
/cgA fcGA feeA 

We have seen in [2] that A^, K and F are constants of motion: [iJ, A^] = [iJ, K\ = [H, T] = 
0. This is in agreement with our interpretation: we are constructing a closed market in 
which the total amount of money and the total number of shares are preserved and in 
which, if the total supply increases, then the price of the share must decrease in such a 
way that T stays constant. 

In |2] we have shown how to use the stochastic limit approach or a fixed point-like 
(fpl) procedure to get suitable approximations of n(t) in (12.61) . Here we just consider this 
last approach, since it is more relevant for the analysis we will perform here. We refer 
to [2] for the details of our derivation, and for the details on the assumptions that have 
been taken along the way. Here we just write down the system of operatorial differential 
equations which we have deduced and which looks like 



i\{-z^{t)Z{f,t) + z{t) Z\f,t)), 



where 



dn{t) 
dt 

4f) = a p,(t) (^t(t) z(/, t) - z{t) zt(7, t)) , 

^ = z (P,(t)u;, - .;,) 2(t) + zA[zt(t), z(t)] Z(/, f), 

= I Z - ^A)f, t) + i\ z{t) [Zt(/, t), Z(/, t)], 

P,{t) = ^ [{M + 0) + (M - O) cos(2At)] (2.9) 



is the mean value of the operator P{t) on a vector state defined by (12.51) . and which we 
simply indicate with u, and can be explicitly found due to the simple expression of H, 
[2]: Pc{t) = uj{P{t)). Here M and O are respectively the initial price of the shares and 
the initial value of the market supply (which is related to the set {0} in (12. 5p ). These 
equations produce the dynamical behavior of our market after taking their mean value 
on the number vector state w, [2]. As mentioned in Appendix, this state has a double 
effect: first of all, it allows us to move from the quantum dynamics of the model to its 
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classical counterpart, since we use u to replace the time dependent operators with their 
mean values, which are ordinary functions of time. Secondly, such a vector state is used to 
fix the initial conditions of the differential equations, that is the initial number of shares, 
the initial cash and so on. 

In order to simplify the analysis of this system we have assumed in [2] that both Qc{k) 
and ^lA{k) are constant for G A. Indeed, under this assumption, the last two equations 
in (12. 8p form by themselves a closed system of differential equations in the non abelian 
variables z{t) and Z{f,t): 



Getting the exact solution of the system (12. 8p . with (l2.1Up replacing the two last 
equations, is a hard job. However, a natural approximation can be constructed considering 
the fpl approach for which, again, we refer to [2]. It should be mentioned, however, that 
for the time being we have not undertaken the rigorous analysis of such an approximation 
(i.e. the estimate of the error), which is adopted here mainly because it can be very easily 
implemented and, more than this, because it is quite natural. The result is the following: 
z{t) and Z{f,t) can be approximated by two different (and not commuting) operators 



zi{t) and Zi(/,f), [2]: 

z,it) = zr^,{t) + Z{f) [z\ z] V2{t), Z,{f, t) = Z{f) (t) + z [Z(f)\ Z{f)] ^t), (2.11) 



\ Vl{t) = l + ^ J^mt')u;, - a;,) e^>^(*') dt', v,{t) = zA £ e^*(*') df 

\ r7i(t) = 1 + 2 /o (Pc(t')^c - ^a) e^*(*') dt' , U^) = £ e^^(*') dt' ^ ' ' 

and xii) = at + /3sin(2At), x{t) = at + /9sin(2At), where a = |((M + 0)ujc - 2uja), 
a = 1((M + 0)nc - 2nA), (3 = t(M -0)J = ^{M- O). 



It is now easy to find that the mean values of the first two equations in (12.81) on the 
state u can be written as 




I {P,{t)uJc - OOa) z{t)+l\Z{f,t) [z\t),z{t)l 

= % {P,mc - ^a) Zif, t) + i\ z{t) [Zt(7, f), Z(/, t)]. 



(2.10) 



where 



h{t) 
k{t) 



dn(t) 

dt 
dk(t) 

dt 



-2\^{uj {z{t) Zt(/,t))}, 
2\P,m {u {z{t) Zt(/,t))} 



(2.13) 
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which in particular imphes that Pc{t)h(t) + k{t) = for all t. Hence we find that tl(t) = 
Pc{t)n{t). It should be remarked that, because of this relation, since M = O in fl2.9p 
implies Pc{t) = -Pc(O) = M, then when M = O the dynamics of the portfolio of r is trivial, 
n(f) = n(0), even if both n{t) and k{t) may change in time. 

Let us now insert zi{t) and Zi{f, t) in equations (12.131) . If u> is the usual number state, 
and if we call 

' a;(l):=c.(.zt[Zt(/),Z(/)]}, 
uj{2):=u{Z{f)Z\f)[z\z]], (2.14) 



r{t) = ^(1) iir{t) Ut) + ^(2) r]2{t) f]i{t) 



then we get 



(2.15) 



n{t) =n-2A53|/Jr(t') dt' 
kit) = A; + 2 A$5 |/J Pc(i') r(t') dt' 
The time dependence of the portfolio can now be written as 

n(t) = n(o) + 5n(t), (2.16) 

with 

5Ii{t) = n{0 - M) sin2(At) + 
+ (^-2X 53 1^ r(t') dt'l (M + (O - M) sin2(At)) + 2A 53 |^ Pe(t') r(t') (it'j^ , (2.17) 
which gives the variation of the portfolio of r in time. 

Remark: it is worth noticing that 6Il{t) = for all f if A = 0. This is reasonable, since 
A = means no interaction in (12. ip and, as a consequence, no way to change the original 
status quo. 

In [2] we have discussed some particular solutions of this system under special condi- 
tions. In particular we have shown that there exist situations which are rather convenient 
for the trader r, meaning with this that 6Il{t) > for alH > 0: under these conditions, 
within our framework and our approximations, the total value of the portfolio of r never 
decreases! These conditions are, not surprisingly, related to the constants which enter in 
the definition of H. However, due to the simplified mechanism which fixes the price of the 
share, it is clear that we cannot trust very much these conclusions: as already stated, the 
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model still needs further improvements. In particular different kind of shares and a more 
realistic dynamics for the price must still be implemented. Both these extensions require 
some care, and will be considered in a series of papers which are now in preparation. We 
consider a first generalization in the next section, which is used to get a deeper insight on 
the role of the constants appearing in the definition of the model itself. 

Ill The mixed model 

In this section we discuss in some details a different model of a stock market, based again 
on almost all the same assumptions introduced in [H [2]. We call this a mixed model since 
it has an hamiltonian ingredient, which involves again the cash and the number of shares 
of both r and of the traders in TZ, and an empirical part, since the dynamics of the price 
is not deduced as before from the market supply but simply given as an input in (12.81) . 
which is here replaced by the following system 

i\[-z^{t)Z{f,t) + z{t) Z^(f,t)), 
zXP{t) {z^{t)Z{f,t)-z{t)Z^(J,t)), 
t{P{t)u,-u,) z{t)+iXZU,t)[z\t),z{t)i 

= I {pmc - ^a) zif, t) + a zit) [zt(7, t), zif, t)]. 

Hence here P{t) is a classical external field, for which we will consider different analytical 
expressions in the rest of the paper. 

The main reason why we are considering this simplified model is that the models 
proposed in [H [2] and in the previous section, all depend on a set of parameters whose 
role in the description of our toy stock market needs to be yet fully understood. At a 
preliminary stage it is therefore convenient to reduce the number of degrees of freedom 
and to deal with the simpler model described by (13. ip . This should produce a deeper 
understanding which will be useful to construct other and more realistic models. This 
analysis is also necessary if we want to compare our analysis with the ones already existing 
in the literature, where the role of certain parameters is quite often absolutely crucial, see 
[H [9] for instance. The relation between these parameters, for instance, decides the nature 
of the traders which form our market, [9], or how these traders react to the dynamics of 
the market. 



dh(t) _ 

dt ~ 

dk{t) _ 

dt ~ 

dz{t) _ 

dt ~ 
dZ(f,t) 
dt 
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Needless to say, a realistic model of a stock market should contain, first of all, more 
than a single kind of share. Moreover, a mechanism which fixes the prices of all these 
shares is needed, and this is surely not a trivial task since interactions between the various 
traders and the various kind of shares must be taken into account, as well as external 
sources of information. This is exactly our final aim: produce a model which contains 
traders and L different kind of shares whose prices are decided by some global mechanism 
to be identified. However, for the time being, we just continue our preliminary analysis, 
paying particular attention to the role of the parameters of the simplified model described 
here. 

Remark:— One could think to deduce system (13. ip from the following effective (time- 
dependent) hamiltonian -f^e// which looks very similar to that in (12.11) 



where, for instance, Z{f, t) = XIaigA ■/'(^) ~ Xl/teA ^(^) ■ However this is not 

rigorous because the time dependence of P{t) modifies the standard Heisenberg equation 
^X{t) = i[H,X{t)]. Hence it is more convenient to take (13.11) as the starting point, and 
(13.21) just as a formal hamiltonian heuristically related to the economical system. 

As for the numerical aspects, we have restricted here the analysis of the model to a 
time interval t G [0,to]; with Iq = 6 just to fix the ideas, and we have considered the 
following forms for P{t): Pi{t) = t, 



Hence, we are considering four different situations: Pi{t) and P2it) describe a not de- 
creasing price, while Psit) is a not increasing function. Finally, Piit) describes a share 
whose value increases up to a maximum and then decreases and reaches a limiting value. 




(3.2) 



Pit) 




'0, if t e [0, 1] 
t-i, if t e [1,3] 
5-t, if t G [3,4] 

^ 1, if t > 4. 
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The reason for using these rather than other and more regular functions is that with 
these choices it is easier to compute analytically some of the quantities appearing in the 
solution of system (13.11) . 

Let us now show quickly how to find this solution by means of the fpl approximation. 
For more details we refer to [2]. As in Section II the main idea is finding first an approxi- 
mated solution of the last two equations of (13.11) and then using these solutions in the first 
two equations of the same system. In this way we recover the solution in (12. Ill) - (12. 121) . 
In particular this last equation can be rewritten as 

?7i(t) = e*>^W, r/2(t) = zA£e**(*')dt' 

fl,{t) = e^*W, fi2{t) = i\ jl e^>^(*') dt', ^ ' ' 

with x(t) = j^{P{t')uJc — uja) dt' and x(t) = j^{P{t')Vtc — ^a) dt' . These results can be 
used in the first two equations in (13. ip and we get 

n{t) = n + 5n{t) = n - 2\ ^{r{t')) dt' 

k{t) = k + Sk{t) = k + 2X P{t') 53(r(t')) dt', ^ ■ 

with obvious notation, having introduced the function r{t) as in (I2.14p . The time evolution 
of the portfolio of r, n(t) = 11(0) + 6Il(t), can be written as 

dU{t) = n{P{t) - P(0)) + P{t) 5n{t) + 5k{t) (3.5) 

which reduces to (I2.17P under the assumptions of Section II. 

In the rest of the paper we consider some simplifying conditions, useful to display 
easily our results: first of all, as in [2], we reduce the reservoir of the market just to 
another trader, a. This makes the computation of u){l) and u;(2) in (I2.14p rather easy 
and we get 

" .(2) = -|/(l)P(l + n')(^(pS)T 
a;(l)=a;(2) + 1/(1)1 V(^(^, ^'''^ 

which depends, as expected, on the initial values of the market. As a second assumption, 
we just consider the case of a trader r which is entering into the market, so that it possess 
no share at all at t = 0. Therefore we take n = 0. This has an immediate consequence: 
in order to have an economical meaning, 5n{t) can only be non negative! This is actually 
what happens in all the examples we have considered so far. 
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III.l Numerical results and conclusions 



We discuss now the numerical results of the solutions of system (13. ip for the different 
choices of P{t) introduced previously. Here, for concreteness' sake, we fix /(I) = 10~^ 
in fl3.6p and, as already mentioned, n = 0, and we consider the following cases (different 
choices of constants in H) and subcases (different initial conditions): 

case I: {uJa,uJc,ilA,^c) = (1,1,1,1); case II: (w^, u;c, ^a, ^c) = (10,10,1,1); case 
III: {uJa,^c,^A,^c) = (1,1,10,10); case IV: {uJa,uJc,^A,^c) = (20,10,5,1); case V: 
(ua, ujc, ^A, ^c) = (1, 5, 10, 20); case VI: (wa, iOc, ^a, ^c) = (1,3, 2, 7). 

Subcase a: {k, k', n\ M) = (20, 20, 100, 2); subcase b: (A;, k', n', M) = (80, 20, 100, 2); 
subcase c: (A;, k', n', M) = (20, 80, 100, 2); subcase d: (A;, k', n', M) = (80, 80, 100, 2). 

The first interesting result of our numerical computations is that there are several 
situations, like for instance Ilia, Va and Via for -Pi(t), or Ilia, IVa, Va and Via for P2{t), 
for which the variation of 5n is larger than zero but always (i.e. for t < 6) strictly smaller 
than 1. Analogously there are other situations in which 6k{t), belongs to the interval 
] — 1, 1[ for t < 6, like in Ilia, Va and Via for Pi{t). This can be interpreted as follows: 
since there is not much cash going around the market, it is quite unlikely that some 
transaction may take place between the two traders r and a. Figure I show 6n{t) and 
Sk{t) for Pi(t) in case Va. 




Figure 1: 6n{t) (left) and 6k{t) (right) for Pi{t), case Va: no transaction is possible for 
t e [0, 6] 

Moreover, there are situations in which the total quantity of cash or the number 
of shares exceed their initial values, like for instance in cases Id or Ild for P2{t), see 
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Figure 2 below. This is clearly incompatible with the fact that the total amount of 
cash and the total number of shares should be constant in time, and is uniquely due to 
the fpl approximation which we have adopted to solve the original system of differential 
equations. In other words, in these cases there exists a value of t, t/ < 6, such that for 
t > tf the fpl approximation does not work anymore and our results become meaningless. 
This happens usually in each subcase d, because of the high values assumed by uj{l) and 
due to the initial conditions. This problem could be solved if we adopt a better 
approximation to solve the differential equations in (13.11) . This is part of the work in 
progress, but is far from being an easy task, due to the non- commutative nature of the 
system (13. ip . which is also non linear. A more promising approach seems the use of time- 
dependent perturbation theory rather than the fpl approximation considered here. This 
is also work in progress. 




Figure 2: 5n(t), case Id (left) and 6k, case Ild (right), for P2{t): the fpl approximation 
does not hold in all of [0, 6] 

As already mentioned, in all the P{t) we have considered in this paper we have found 
that, for all t in our range, 6n{t) is not negative, as it should since we are just considering 
the initial condition n = 0: hence the fpl approximation respects this feature of the 
model. We also observe that the range of variations of all the relevant observables, i.e. 
Sn{t), 6k{t) and SIl{t), is minimum in subcases a, maximum in the subcases d, while is 
intermediate for both subcases b and c: this is clearly due to the fact that different initial 
conditions imply different values of uj{l) and 0^(2), which for instance increase very fast 
with k and k' , see (13. 6p . We further observe that the analytic behavior of 6Il{t) is close 
(sometimes very close) to that of P{t). This is shown in Figure 3, which is obtained 
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considering P{t) = Pii^t): in the upper figure we plot Pii^t), while the three figures down 
shows 5n(t) in case Ic (left), IVd (center) and Vc (right). From these figures it appears 
clearly that when the price of the share stays constant, there is no variation of 6Il{t). On 
the contrary, this increases when P{t) increases and decreases when P{t) decreases. This 
is not a peculiar feature of this example but can be analytically deduced from formula 
03.51) with n = 0. Indeed, if we just compute the time derivative of both side and use 
the definitions of 6n{t) and 6k(t), we find that n(t) = P{t)n{t) and, since n{t) is non 
negative, n(t) and P{t) have the same sign. Figure 3 also shows that there are conditions 
(Vc, for instance), in which 6Il{t) looks very much the same as P{t), while with different 
choices of the constant of the hamiltonian and of the initial conditions the shape of 511 (t) 
appear sufficiently different from that of P{t). Of course this is an interesting feature of 
the model but is also a measure of how oversimplified the real system is here. A more 
realistic result could be found, maybe, introducing other mechanisms which are missing 
in our toy model. We will briefiy come back to this point in the next section. 




Figure 3: up: P^i^t); down: 6Il{t) in cases Ic (left), IVd (middle), Vc (right) 

We end this preliminary analysis by focusing our attention on the variation of the 
portfolio of r: in the following table we show the range of variation of dll{t) for the 
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different cases, subcases and clioices of P{t). Notice tliat tlie numbers are deduced from 



the plots, so that they are only indicative. 
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Table 2.- Range of variation of SIl{t) for different choices of Pj{t). 

We see that for all given subcase, case 1 is the one in which we find the widest range 
of variation of 6Il{t). In particular, for Pj{t) with j = 1,2,4, 6Il{t) increases its value 
more than in the other cases (II- VI) for any fixed subcase. If j = 3 then 6Il{t) decreases 
its value in case I more than in the other cases (II- VI). This difference between Psit) 
and the others Pj{t), j ^ 3, is clearly related to our previous remark concerning the 
signs of 5n(t) and P{t). If we now compare cases II and III we see that r is favored 
for the first choice of constants more than for the second. Therefore we could interpret 
LJa, and VLc as related to the information reaching respectively r and a: when 

r gets a larger amount of information he is able to earn more! However this is clearly 
only part of the conclusion, since also in case III the function 511 (t) is positive, even 
if VLa = = 10 > 1 = = so that r still increases the value of its portfolio. 
Moreover, if we consider the case IV in which uja and ujc are even larger (and much larger 
than VLa and ^c)i we see from our table that r does not improve his portfolio as in cases 
I, II and III: so what seems to be relevant is Ua — u)c and VLa — niore than the values 
of the constants themselves. However, this is not enough: our numerical results clearly 
show that there exists some asymmetry between {u>a-,ojc) and {VLa-,^c)'- the w's carry a 
higher amount of information than that of the fi's. This explains also the results in I. The 
reason for this asymmetry is not clear, at this moment, and further investigations will be 
undertaken soon, even if it could be simply related to the presence of /(I), which only 
appears in TZ and not for r. A phenomenological law that could display these results, at 
least when uJa = Uc='- u> and VLa = ='■ ^i is related to a sort of mean value of P{t): if 
we put (P) := |; P{t) dt = i!(Z3^^!M^ ggg that 6Il{t) has the following expression: 

mm ^^9n{{P)) 

'^nW = — 7 — 

g{uj,n) 

where g{uj,Q) is a certain function which takes its minimum value for u = Q and satisfies 
the inequality g{uj, Q) < g{Q, a;) if a; > Q. 
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IV Conclusions 



In this paper we have continued the analysis of stock markets began in [H [2] . In particular, 
the main difference with respect to what we have done in [2] consists in the replacement 
of the simple mechanism which was considered in |2] to fix the price of the share with 
an external field, which is assumed here to be a known function of time. This is useful 
to get a deeper understanding of the various ingredients of our model, especially in view 
of further generalizations which should produce more realistic models, first introducing 
several kind of shares and then looking for a reasonable mechanism which fixes the price 
of the shares themselves. It is also necessary to improve the fpl-approximation we have 
adopted here, in order to avoid the spurious non-conservation of the integrals of motion 
observed in our numerical results. 

It is necessary to stress also that a realistic model of a true stock market should include 
also many other mechanisms to take into account other features like short selling. But 
this surely requires a better starting point than the model discussed here which, however, 
we believe is useful to start understanding some basic features and some consequences of 
our approach. 

We end the paper with few final comments. The first is a physical one: people with a 
quantum mechanical background may be surprised that incompatible (i.e. not commut- 
ing) observables appear in the market, and may wonder about their economical meaning. 
This problem, however, is only apparent since all the observables we are interested in form 
a commuting subset of a larger non-abelian algebra. Therefore they can be diagonalized 
simultaneously and a common orthonormal basis of eigenstates can be indeed obtained 
as in (12. 5p . The second comment is due to the fact that our figures show continuous plots 
while our starting assertion was that in the stock market we want to describe only discrete 
quantities play a role. This is just a matter of interpretation: the continuous lines that 
we find solving the differential equations are simply the ones which interpolate between 
the real discrete values which are attained at some particular values of the time which we 
could interpret as the time for the transaction. Finally, it is clear that another missing 
aspect of the analysis proposed so far is a comparison with the already existing meth- 
ods. However, this comparison will be postponed until we will not produce a sufficiently 
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complete and realistic model. 
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Appendix : Few results on the number representation 

We discuss here few important facts in quantum mechanics and second quantization, pay- 
ing not much attention to mathematical problems arising from the fact that the operators 
involved are quite often unbounded. More details can be found, for instance, in [10], [TT] 
and [12] , as well as in [H E] • 

Let 7i be an Hilbert space and BiTi) the set of all the bounded operators on Ti. BiTi) 
is a C*-algebra, that is an algebra with involution which is complete under a norm || . || 
satisfying the so-called C*-property: ||A*y4|| = \\A\\^, for all A G B{H). As a matter of 
fact BiTi) is usually seen as a concrete realization of an abstract C*-algebra. Let S be 
our physical system and 21 the set of all the operators useful for a complete description 
of iS, which includes the observables of S. For simplicity it is convenient to assume that 
21 is also a C*-algebra, possibly coinciding with B{T-C) itself, even if this is not always 
possible. This aspect, related with the importance of some unbounded operators within 
our scheme, will not be considered here. The description of the time evolution of S is 
related to a self-adjoint operator H = W which is called the hamiltonian of S and which 
in standard quantum mechanics represents the energy of S. We will adopt here the so- 
called Heisenberg representation, in which the time evolution of an observable X G 21 is 
given by 

X{t) = e'"'Xe-'"' (A.l) 
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or, equivalently, by the solution of the differential equation 

ie'^^'lH, X]e-*^* = i[H, X{t)], (A.2) 



dX{t) ■iHtfTT vl„-iHt 



dt 

where -B] := AB — BA is the commutator between A and B. The time evolution 
defined in this way is usually a one parameter group of automorphisms of 21. 

In our paper a special role is played by the so called canonical commutation relations 
(CCR): we say that a set of operators {a/, a], I = 1,2, ... ,L} satisfy the CCR if the 
following hold: 

[ai, al] = Sinl, [ai, a„] = [a], al] = (A. 3) 

for all l,n = 1,2, . . . , L. Here 1 is the identity operator. These operators, which are 
widely analyzed in any textbook in quantum mechanics, see [TU] for instance, are those 
which are used to describe L different modes of bosons. From these operators we can 
construct fii = ajai and N = Ylf=i which are both self-adjoint. In particular fii is the 
number operator for the 1-th mode, while is the number operator of S. 

The Hilbert space of our system is constructed as follows: we introduce the vacuum 
of the theory, that is a vector which is annihilated by all the operators af. aitpo = ^ 
for all / = 1, 2, . . . , L. Then we act on (pQ with the operators a| and their powers: 

V^n„n„...,n, := , . \ M r (4)"^ " " " (4)"Vo, (A.4) 

Vni! 7121 . . .ulI 

ui = 0, 1, 2, . . . for all /. These vectors form an orthonormal set and are eigenstates of 
both ni and N: nnpn^^n2,...,nL = niVnun2,...,nL and N(pni,n2,...,nL = NLpn^^n2,...,nL, where A^ = 
J2f=i'^i- Moreover using the CCR we deduce that ri; (ai(/?„i,„2,...,„^) = (nz-l)(aiV?„,,„2,..,,„^) 
and fii (^al(fni,n2,...,nL^ = {ni + l)(a|(/?„j,„2,...,n£), for all /. For these reasons the following 
interpretation is given: if the L different modes of bosons of S are described by the vector 
^ni,n2,...,nL^ this implies that ni bosons are in the first mode, 71,2 in the second mode, and 
so on. The operator hi acts on (pni,n2,...,nL and returns ni, which is exactly the number of 
bosons in the 1-th mode. The operator N counts the total number of bosons. Moreover, 
the operator a; destroys a boson in the 1-th mode, while a| creates a boson in the same 
mode. This is why a/ and a] are usually called the annihilation and the creation operators. 

The Hilbert space Ti is obtained by taking the closure of the linear span of all these 
vectors. 
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An operator Z G 2t is a constant of motion if it commutes with H. Indeed in this case 
equation (lA.2p imphes that Z{t) = 0, so that Z(t) = Z for all t. 

The vector (pni,n2,...,nL flA.41) defines a vector (or number) state over the algebra 21 

as 

ni,n2,...,nLi '^ni,n2,...,nL 

), (A.5) 

where ( , ) is the scalar product in the Hilbert space H. As we have discussed in [H |2], 
these states are used to project from quantum to classical dynamics and to fix the initial 
conditions of the market. 
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